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We propose a new efficient strategy to construct exact solutions of Einstein-scalar gravities. We
find that with some given metric Ansatz the EOMs (equations of motion) are invariant under a
rescaling operation along the radial direction, which makes the function of the scalar field scale
invariant. Our strategy is to use the symmetry of the EOMs to give a scale invariant Ansatz for
scalar field first, then derive the metric and the corresponding scalar potential later. We construct
large classes of exact solutions with two kinds of spherical metric, which include many new scalar
hairy black holes in different dimensions and some three-dimensional solitons and conical defects.
We also discuss the thermodynamics of these solutions in general with Wald’s formula.
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I. INTRODUCTION
Since the discovery of Einstein’s General Relativity,
there have been continuing efforts in constructing new
exact solutions. In high energy physics, theories with
gravity coupled to matter fields are studied frequently,
string theory contains gauge fields and scalar fields, and
∗Electronic address: wen-q@ruc.edu.cn
its low energy effective theory, gauged supergravity, can
be consistently truncated to gravity with a single scalar
field [1, 2], which is just a Einstein-scalar gravity with
a super-scalar-potential. Setting 16piG = 1, the La-
grangian of a general d-dimensional Einstein-scalar grav-
ity with a minimally coupled scalar field is given by
L = √−g
(
R− 1
2
(∂φ)2 − V (φ)
)
, (1)
the scalar potential V (φ) is a general function of φ with
a Taylor expansion
V (φ) = −(d− 1)(d− 2)g2 + 1
2
m2φ2 + γ3φ
3 + · · · (2)
where d is the spacetime dimension, m is the mass of the
scalar field and the constant g (like a gauge-coupling con-
stant in gauged supergravity) can be taken as the inverse
of the AdS radius g = 1` if g
2 > 0. It is long been known
that scalars are stable in d + 1 dimensional AdS space-
time provided the mass m2 is above the Breitenlohner-
Freedman (BF) [3] bound m2BF = − d
2
4`2 . Although we
write g2 as a square, it can be positive, zero and nega-
tive, so giving rise to solutions that are asymptotic anti-
de-Sitter, flat or de-Sitter, respectively.
For a general metric, the EOMs contain the Einstein
equations
Zµν = Rµν − 1
2
∂µφ∂νφ− 1
d− 2V (φ)gµν = 0, (3)
and also the equation of motion for the scalar field,
∇µ∇µφ = ∂V (φ)
∂φ
, (4)
where ∇µ are the covariant derivatives.
Exact solutions of such Einstein-scalar gravities are not
only meaningful by themselves but also very useful in
fields like AdS/CFT [4] correspondence, cosmology, black
hole thermodynamics [5, 6] and phase transitions [7]. The
solutions could be even more attractive if the Einstein-
scalar gravity is a truncation from string theory. In this
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2article we concentrate on constructing exact solutions of
these Einstein-scalar gravities (1).
The first class of scalar hairy exact solutions are the 3-
dimensional HMTZ (Henneaux, Martinez, Troncoso and
Zanelli) black holes [8]. However, as there is too much
freedom in constructing a scalar potential without break-
ing any essential symmetry, starting from some arbitrary
scalar potential, the possibility to find an exact solution
could be almost null. Hence it is not surprising that there
is not much progress [9, 10] in constructing exact solu-
tions for a long time until recently [11–25], people begin
to think in a reverse way, which is trying to give a proper
Ansatz for the scalar field first then deriving the cor-
responding Lagrangian (or scalar potential) through the
EOMs at last.
However, starting from an arbitrary scalar field and
metric Ansatz, it is still very difficult to find exact solu-
tions. So it is important to find a way to choose promising
Ansatz for scalar field and metric, which is the central
topic of this paper. In [20], we gave a proper Ansatz
for scalar field and metric with the inspiration from the
construction of p-branes.
In this paper, we go a step forward by using the sym-
metry of the EOMs to find some properties of the scalar
field, thus giving some indications on how to choose a
proper Ansatz for the scalar field as well as the metric.
In Sec. II we explicitly explain the spirit of our strategy
by giving examples of constructing new exact solutions
with Schwarzschild spherical metric (8), also we discuss
the thermodynamics of these solutions and find some of
these solutions have a manifest scalar charge (informa-
tion about scalar charge can be found in [5, 6, 26]). To
show the efficiency of our strategy, we give further exam-
ples in Sec. III to construct exact solutions with another
spherical metric with a conformal factor (105). We give
a discussion in the last section.
Through out this paper (except Sec. III E), the param-
eters α and g2, which we will encounter frequently, are
integration constants which come out when we solve the
EOMs. Since they appear in the scalar potential, they
cannot be considered as charges (or physical integration
constants) of the solutions. All our solutions (except the
solutions presented in III E) have only one physical inte-
gration constant q, which we take as a scalar charge.
II. CONSTRUCTING EXACT SOLUTIONS
WITH SCHWARZSCHILD SPHERICAL METRIC
χ′ +
rφ′2
2(d− 2) = 0 , (5)
− 6− 2d
r2f
+
6− 2d
r2
+
(6− 2d)χ′
r
− (4− d)f
′
rf
− 3f
′χ′
f
+ 2χ′2 +
f ′′
f
− 2χ′′ = 0 , (6)
6− 2d
r2
− (6− 2d)f
r2
+
d f ′
r
+
2(1− d)fχ′
r
− 3f ′χ′ + 2fχ′2 + f ′′ − 2fχ′′ + 4V (φ)
d− 2 = 0. (7)
A. The strategy
First we would like to look for static spherical solutions
with Schwarzschild spherical metric Ansatz
ds2 = −h(r)dt2 + dr
2
f(r)
+ r2dΩ2d−2 , (8)
φ = φ(r) , (9)
where dΩ2d−2 is the metric on the unit (d−2)-sphere. De-
fine h(r) = f(r)e−2χ(r) we can write the Einstein EOMs
as (5)-(7). The scalar field equation of motion (4) can be
written as
(d− 2)f φ′
r
+
1
2
f ′ φ′ +
f h′ φ′
2h
+ f φ′′ =
∂V (φ)
∂φ
. (10)
In order to make this strategy work out well, we have
reorganised the EOMs to be in a proper form, so we can
derive them one by one. For example in (5) we can de-
rive χ(r) from the given Ansatz for the scalar field, then
derive f(r) from (6), and finally get the scalar potential
V (φ) from (7). These three Einstein equations (5)-(7) are
enough to derive all the unknown metric functions and
the corresponding scalar potential, one can check that,
(10) is automatically satisfied by all our solutions in this
section.
We can see that when d = 3 the Einstein equations
(5)-(7) is invariant under a rescaling operation
r = cρ φ(cρ) = φ˜(ρ) ,
f(cρ) = c2f˜(ρ) χ(cρ) = χ˜(ρ) ,
V (φ) = V˜ (φ˜) . (11)
Substitute (11) into (5)-(7), the Einstein equations are
slightly modified with the constant 6 − 2d in the first
terms of (6) and (7) rescaled to (6 − 2d)/c2 (leaving
the other coefficients unchanged). One may notice im-
mediately that when d = 3, this constant vanishes, so
the EOMs are totally invariant under (11). This means
φ˜(ρ), χ˜(ρ), f˜(ρ) are still solutions of (5)-(7) when d = 3,
thus the function φ(r) should be preserved by the rescal-
3ing operation (11). From now on we concentrate on three-
dimensional theories in this section.
We can write the asymptotic behavior of φ(r) in the
following form
φ(r) =
∞∑
i=1
φi
rpi
, (12)
where the exponents pi have a relationship with dimen-
sion d and the scalar field mass m which can be read from
the scalar potential (2). For example, define
σ =
√
4l2m2 + (d− 1)2 , (13)
when 0 < σ < 1, by solving the linearized equation of
motion for the scalar field (∇µ∇µ − m2)φ = 0, we will
get
p1 =
d− 1− σ
2
, p2 =
d− 1 + σ
2
. (14)
So if we give the scalar field first, the scalar potential we
derived should give the right m which satisfies (14).
The static solutions have at most two physical integra-
tion constants (constants which only appear in the solu-
tion, not in the Lagrangian, we can take these constants
as charges of the solutions) for a given theory, for exam-
ple we can take them as the radius of the event horizon
r0 and φ1. We can see this from the numerical studies
in [6] and a class of new exact solutions in Sec. III E. So
φi should be a function of r0 and φ1. Since the function
of our solution φ(r, r0, φ1) is preserved by the rescaling
(11), we find the coefficients φi in (12) with i ≥ 2 should
look like
φi(r0, φ1) =
∑
n
Dnφ
(n+pi)/p1
1
rn0
, (15)
where Dn are coefficients independent of r0 and φ1. Thus
the rescaling operation changes only the integration con-
stants r0 and φ1, while the function of the scalar field
itself is unchanged:
φ(r, φ1, r0) → φ(ρ, φ′1, r′0) . (16)
Now we know that our Ansatz for the scalar field
should satisfy (12) and (15). If we keep all the terms
in the summation in (15), (12) could be a complicated
Ansatz for the scalar field. However, for every φi, there
is always a r0 independent term which correspond to the
n = 0 term in (15), if we only keep this term for every φi,
we can give a much simpler Ansatz for the scalar field.
The scalar field chosen by this way have an asymptotic
behavior as follows
φ(r) =
∞∑
i=1
Ciφ
pi/p1
1
rpi
. (17)
Here we drop the other physical integration constant r0
and the boundary condition φ2 ∼ φp2/p11 is automati-
cally given, so starting from an Ansatz satisfying (17)
we may get solutions with only one physical integration
constant (at least in the scalar field), which we will see
later, the only found solution with two physical integra-
tion constant is given in the subsection III E. We can
further simplify the scalar field Ansatz by just choos-
ing φ(r) as simple analytical functions of φ1rp1 which will
absolutely satisfy (17).
To make our strategy more clear, we conclude its ap-
plication with the following steps:
1) Choose a proper metric Ansatz so that the EOMs
have a scale invariance ,
2) Give an Ansatz for the scalar field which satisfies
(12) and (15) ,
3) Substitute the scalar field Ansatz into the EOMs,
then derive the metric functions and the corresponding
scalar potential.
Since the simpler Ansatz we give for the scalar field the
bigger possibility we will have to find exact solutions, we
choose simple analytic functions of φ1rp1 as Ansatzes for
the scalar field. To find soliton solutions, which have no
event horizon and singularity, the Ansatz for the scalar
field should be regular everywhere and must satisfy (17),
because static solitons only have one integration constant
φ1 .
It is true that our strategy is still a method about try-
ing, however, unlike the scalar potential which we have
great freedom to construct, there are not many simple
analytic functions for φ(r) to choose. And absolutely we
cannot guarantee to find all exact solutions, but if there
exist simple exact solutions it would be quite promising
to find them with our strategy. Our strategy only works
in three-dimensions for the Schwarzschild spherical static
metric (8), because the scale invariance of the EOMs are
broken in higher dimensions thus will not admit simple
analytic functions of φ1rp1 as a solution of φ(r). This ex-
plains why there is still no exact solutions found in higher
dimensions (numerical solutions in higher dimensions are
studied in [5, 27–29, 31]).
B. The thermodynamics
Before we use our strategy to construct exact solu-
tions in the following subsections, we use Wald’s for-
mula [32, 33] to calculate their thermodynamic first law
in general. This is to construct a closed (d − 2)-form
(δQ−iξΘ) where ξ is the Killing vector. Taking ξ = ∂/∂t
and applying this to our Lagrangian and metric Ansatz,
Wald’s formula states that when the metric and matter
fields are on shell, the integral of (δQ − iξΘ) over any
Sd−2 surface at constant t and radius r is independent
of r. The (d− 2)-form ξ ·Θ has contributions from both
the gravity sector ξ ·ΘG and the scalar field sector ξ ·Θφ,
after some calculation we get
ξ ·ΘG = i1···id−2tµ(gµmgνn − gµngνm)∇nδgνm, (18a)
ξ ·Θφ = −i1···id−2t µ(∇µφ δφ), (18b)
Q = i1···id−2
µt∇µξt, (18c)
where  is the Levi-Civita tensor.
4It is convenient to define
δHr =
∫
Sr
(δQ− iξΘ) , (19)
which is the integral on a (d-2)-sphere with a radius
r. For black holes we take one integral surface as the
event horizon Sr0 while the other as the infinite far away
boundary S∞, so Wald’s formula gives
δHr0 = δH∞ . (20)
For solitons (or bare singularities) we take one integral
surface as the infinite small circle surrounded the origin
S0+ while the other as S∞, hence Wald’s formula would
give
δH0+ = δH∞ . (21)
For the metric (8) we choose in this section, this inte-
gral has already been calculated in [5, 26], for an arbi-
trary sphere Sr this integral can be expressed as
δHr = −ωd−2rd−2
√
h
f
(
d− 2
r
δf + fφ′δφ
)
(22)
where wd−2 is the volume of the unit Sd−2 sphere. Sub-
stitute this and the metric functions into (20) or (21), we
would get the thermodynamic first law of the solutions.
It can be seen that for solitons in d ≥ 4 dimensions,
δH0+ would vanish, however, as we will see, we can get
nonzero δH0+ in three-dimensions. This part of contri-
bution in the first law should not be considered as a con-
tribution from TδS since there is no horizon and the tem-
perature is not well defined, we would consider this term
as a contribution from the scalar charge ΦSδQS .
For black holes, it has already been shown in [5, 26]
that the left-hand side of Wald’s formula (20) is given by
δHr0 =
(d− 2)ωd−2
16piG
√
f ′(r0)h′(r0)rd−30 δr0 = T δS
(23)
where the Hawking temperature T and entropy S are
given by
T =
√
f ′(r0)h′(r0)
4pi
, S =
A
4G
=
rd−20 ωd−2
4G
. (24)
The right-hand side of (20) is defined as the variation of
the mass δMW (we call the mass defined by Wald’s for-
mula as MW ), thus Wald’s formula just gives the stan-
dard thermodynamic first law δMW = T δS.
It should be noted that the boundary conditions φ2(φ1)
of our scalar field Ansatzes given by (17) preserve all the
asymptotic AdS symmetries. The analysis of [5, 6, 34]
showed that, under such special boundary conditions, the
masses calculated by Wald’s formula [32, 33], the Hamil-
tonian formula [27, 30] and the AMD [35, 36] conformal
method are the same.
According to [6], in Einstein-scalar gravities, the
masses calculated by Wald’s formula and the Hamilto-
nian formula are defined with a boundary condition. In
fact there is no restriction for choosing a boundary con-
dition in the space of solutions. People usually prefer
to choose boundary conditions which preserve all the
asymptotic AdS symmetries, under which the first law
is just given by δMW = TδS. If we consider hologra-
phy [4], we need a boundary condition since it determines
the action of the dual quantum field theory [37–39], the
so-called “Designer gravity” [31] is a method to construct
different boundary quantum field theories by choosing
different boundary conditions on the dual Einstein-scalar
gravity side. However, if we also define the Einstein-
scalar gravity with a boundary condition, we may have
problems [6].
A new boundary condition independent definition of
mass is given in [6], which is similar in spirit to both
Wald’s formula and the Hamiltonian formula, with the
only difference that we require the variation of the mass
to have no contribution from the variation of the mat-
ter charges. In this paper we will use this definition to
calculate the mass, and use Wald’s formula to derive the
thermodynamic first law.
For self-consistency, we give a brief review on this def-
inition of mass here. The mass have the same formula as
Wald’s definition [32, 33], which is the surface integral of
the closed (d− 2)-form on the infinite faraway boundary
δ¯M =
∫
S∞
(δ¯Qξ − ξ ·Θ(ϕ, δ¯ϕ)) , (25)
with the only difference that we use a variation δ¯ which
only act along the mass direction while the variation δ in
Wald’s definition act along all independent charges. This
means for any charge Q we should have δ¯Q = 0 unless Q
is the mass M . Arguments for why we define the mass
in this way can be found in [6].
In our cases we have two charges, which are the mass
and the scalar charge. It should be noted that, although
the scalar charge arises as an integration constant in
the solutions, there is no symmetry correspond to this
charge [40]. Which means, unlike the mass, the scalar
charge is not conserved and we cannot calculate it the
way we calculate a Noether charge. Usually we take the
integration constant φ1 as the scalar charge [5, 6, 26, 40]
QS = φ1. (26)
To integrate out M , first we substitute the asymptotics
of the metric functions and scalar field into (25), take the
limit r → ∞, then with a Legendre transformation, we
write the right-hand side as a total variation plus a scalar
charge term ΦS δ¯φ1 (where ΦS is defined as the conjugate
potential of QS), then at last we impose δ¯φ1 = 0, hence,
the integration of the total variation would give our mass.
For our cases in this section, the asymptotics of the
metric functions and scalar field will take the form [5]
φ =
φ1
r(d−1−σ)/2
+
φ2
r(d−1+σ)/2
+ · · · , (27a)
h =
r2
`2
+ 1− δd,3 + κ
rd−3
+ · · · , (27b)
f =
r2
`2
+ 1− δd,3 + b
rd−3−σ
+
β
rd−3
+ · · · . (27c)
5Substituting the expansions (27) into the equations of motion and solving for the first few coefficients, we get
b =
(d− 1− σ)φ21
4(d− 2)`2 , (28a)
β = κ+
[(d− 1)2 − σ2]φ1φ2
2(d− 1)(d− 2)`2 . (28b)
We consider the definition of mass (25) and get
δ¯M =ωd−2
[
− (d− 2)δ¯κ+ σ
2(d− 1)`2 [(d− 1 + σ)φ2δ¯φ1 − (d− 1− σ)φ1δ¯φ2]
]
=ωd−2
[
δ¯
(
−(d− 2)κ− σ(d− 1− σ)
2(d− 1)`2 φ1φ2
)
+
σ
`2
φ2δ¯φ1
]
=δ¯
[
ωd−2
(
−(d− 2)κ− σ(d− 1− σ)
2(d− 1)`2 φ1φ2
)]
, (29)
where we have imposed δ¯φ1 = 0 in the third line of the
equation, and ωd−2 is the volume of the unit (d − 2)-
sphere. So the mass M is given by
M = ωd−2
(
−(d− 2)κ− σ(d− 1− σ)
2(d− 1)`2 φ1φ2
)
. (30)
We can also find
δH∞ = δM + ωd−2σ
`2
φ2δφ1 = δM − ΦSδQS (31)
where the coefficient ΦS = −ωd−2σ`2 φ2 is defined as the
conjugate potential of the scalar charge. The first law
calculated by Wald’s formula is then given by
TδS = δM − ΦS δQS . (32)
For our following 3-dimensional exact solutions con-
structed in this section, the mass M is given by
M = ω1
(
−κ− σ(2− σ)
4`2
φ1φ2
)
, (33)
where ω1 = 2pi, and the scalar potential is given by
ΦS = −ω1 σ
`2
φ2 . (34)
C. 3-d solutions
1. Black holes with the simplest scalar field
We first consider the simplest Ansatz for φ(r)
φ(r) =
(q
r
)µ
, (35)
where q is the parameter which describes the scalar hair
and µ is a positive number. The solutions could be com-
plex for a general µ, so we only consider the µ = 1 and 12
cases, which will produce simple metric solutions and q
would not appear in the scalar potential V (φ), thus can
be considered as a charge.
When µ = 1, the metric functions are given by
h(r) =
(
α(e−
q2
4r2 − 1) + g2
)
r2 ,
f(r) = e
q2
4r2
(
α+ e
q2
4r2 (g2 − α)
)
r2 . (36)
Both of these two metric functions go to g2r2 asymptot-
ically, so we can interpret g as the inverse of the AdS
radius, g = 1/`. For a positive (zero or negative) g2
we correspondingly get asymptotic AdS (flat or dS) solu-
tions respectively. It is obvious that when the scalar hair
vanishes, we get the massless static BTZ [41] solution.
The corresponding theory that admit solutions (35) and
(36) is marked by the following scalar potentials
V (φ) = −2α eφ
2
4 − 1
2
e
φ2
2 (α− g2)(φ2 − 4) . (37)
The solution of h(r) = 0 gives the radius of the event
horizon of a black hole
r0 =
q
2
√
ln αα−g2
. (38)
Thus for theories with a scalar potential (37), the con-
dition for the existence of black hole solutions described
by (36) is just
α > g2 . (39)
According to (36) we have
κ = −αq
2
4
, φ1 = q , φ2 = 0 , (40)
so we have
M =
piα q2
2
, ΦS = 0 , (41)
where we can see the conjugate potential of the scalar
charge is zero. Thus there is no contribution from the
scalar charge in the first law. On the other hand we have
δHr0 = piα qδq = TδS , (42)
6thus the thermodynamic first law is just
δM = TδS . (43)
When µ = 12 we have
h(r) = r2
(
g2 − α+ α (1 + q
8r
) e−
q
8r
)
,
f(r) = e
q
8r r2
(
(g2 − α)e q8r + α (1 + q
8r
)
)
, (44)
and both of the metric functions go to g2r2 asymptoti-
cally.
The equation h(r0) = 0 has a root at
r0 = − q
8 (1 + ProductLog( g
2−α
eα ))
(45)
(where function ProductLog(z) is defined as the solution
of x ex = z). One can check that the condition for the
existence of black hole solutions is also
α > g2 . (46)
The corresponding scalar potential in this case is given
by
V (φ) =
eφ
2/8
8
(
eφ
2/8(g2 − α) (φ2 − 16)− α (φ2 + 16)
)
(47)
According to (44) we have
κ = −α q
2
128
, φ1 =
√
q , φ2 = 0 , (48)
so
M =
piα q2
32
, ΦS = 0 , (49)
which means the conjugate potential of the scalar charge
is also zero. We can calculate out
δHr0 =
piα
16
qδq = TδS , (50)
thus the thermodynamic first law is again
δM = TδS . (51)
2. Black holes with scalar field described by
Arctanh functions
The second scalar field Ansatz we try is
φ(r) = 2
√
2µ Arctanh
1√
1 + r/q
, (52)
whose asymptotic behavior satisfies (17) and is given by
φ(r) = 2
√
2µ(
q
r
)1/2 −
√
2µ
3
(
q
r
)3/2 + · · · . (53)
We can read
p1 =
1
2
, p2 =
3
2
, σ = 1 , (54)
φ1 = 2
√
2µq , φ2 = −
√
2µ q3
3
, (55)
which indicates there is a nontrivial contribution from
the scalar charge ΦSδQS with
QS = 2
√
2µq , ΦS =
2pi
√
2µ q3
3`2
, (56)
in the thermodynamic first law.
We substitute this scalar field into the EOMs and de-
fine H = 1 + q/r to get
f(r) = r2Hµ
(
Hµ(g2 − α) +H(H + (µ− 2)q
r
)α
)
,
(57)
h(r) = f(r)H−2µ . (58)
It can be checked that the scalar equation of motion (10)
is also satisfied by these metric functions. The most gen-
eral corresponding scalar potential is given by (60), where
ϕ = φ
2
√
2µ
. The expansion of V around φ = 0 is
V (φ) = −2g2 − 3g
2φ2
8
− g
2φ4
32
+ · · · , (59)
where we can read the mass of the scalar field m2 =
− 3g24 , which is above the Breitenlohner-Freedman (BF)
bound [3] and indicates p1 =
1
2 and p2 =
3
2 as expected.
V (ϕ) = (cosh ϕ)2(µ+1)
(
α((2− µ) tanh2 ϕ− 2) + (g2 − α)(coshϕ)2(µ−1)(µ tanh2 ϕ− 2)
)
(60)
h(r) = (µ− 1)q2−µαrµ + µ(2− µ)q1−µαrµ+1 + (g2 − α)r2 + · · · (61)
f(r) = (µ− 1)q2+µαr−µ + µ2q1+µαr1−µ + q2µ(g2 − α)r2−2µ + · · · (62)
Metric functions h(r) and f(r) all go to g2r2 asymp- totically, and their Taylor expansions are (61) and (62).
7If h(0) < 0, the equation h(r) = 0 have at least one root,
which guarantees the existence of a black hole. This can
be translated to the following conditions
0 < µ < 1, α > 0 , (63a)
1 < µ < 2, α < 0 , (63b)
µ > 2, α > g2. (63c)
The asymptotic behavior of h(r) is
h(r) = g2r2 − 1
2
(2− 3µ+ µ2)q2α+ · · · , (64)
which indicates κ = − 12 (2− 3µ+ µ2)q2α, so the mass is
given by
M = pi(2− 3µ+ µ2) q2α+ 2piµ
3`2
q2. (65)
Theories satisfy (63) admit black hole solutions, for
example setting µ = 3, the scalar potential and solution
become
V (ϕ) = −1
2
cosh6 ϕ {α− (g2 − α) cosh4 ϕ(cosh[2ϕ]− 5)
+ 3α cosh[2ϕ]} , (66)
ds2 = −r2
(
g2 − q
2α
(q + r)2
)
dt2
+
r4
(q + r)4(g2(q + r)2 − q2α)dr
2 + r2dθ2. (67)
There is a horizon at r0 = q(
√
α/g2 − 1), where α > g2
is required by (63). The Hawking temperature T and
entropy S are given by
T =
qα
2pi(
√
α/g2 − 1) S =
pi(
√
α/g2 − 1)q
2
. (68)
We can check the first law δM = TδS + ΦSδQS is satis-
fied.
When µ = 1,2, the free parameter α disappears in
the scalar potential and metric, in these special theories,
the solutions can no longer be fully described by (57) and
(60). When µ = 1, the scalar potential and solution are
V (ϕ) = −g2 cosh4 ϕ {2 + 4α ln(coshϕ)
+ (2α ln(sechϕ)− 2α− 1) tanh2 ϕ}, (69)
h(r) = g2r2
(
1− αq
r
− α ln r
r + q
)
, (70)
χ(r) = ln
r + q
r
, (71)
and when µ = 2, we get
V (ϕ) = g2 cosh8 ϕ {(4α ln(coshϕ)− 2)sech2ϕ
− α(1− sech4ϕ)} , (72)
h(r) = g2r2
(
αq
r + q
+ 1 + α ln
r
r + q
)
, (73)
χ(r) = 2 ln
r + q
r
. (74)
This µ = 2 case reproduces a class of solutions reported
in [19].
Theories with α = 0 have solutions
V (ϕ) = g2 cosh4µ ϕ(µ tanh2 ϕ− 2) , (75)
ds2 = −g2r2dt2 + 1
g2r2(q/r + 1)2µ
dr2 + r2dθ2 , (76)
with a nonzero mass which is related to the scalar hair
M =
2piµ
3`2
q2 . (77)
However, the masses defined by Wald’s formalism, the
Hamiltonian formula and the AMD conformal method
are all zero and independent of the physical integration
constant q, which will lead to the problem of how to ex-
plain the entropy of these black holes, for details, see [6].
As the scalar field (52) always has a log(r) singularity
on the origin, there is no soliton solution.
We find the HMTZ black holes are in fact contained in
our solutions. One of our principles for choosing scalar
field Ansatze is ”the simpler the better”. However, the
scalar field of the HMTZ black holes seems not simple at
all, so it could be quite difficult to think of starting from
such a scalar field to construct exact solutions with our
strategy. So it is with a little surprise that we find the
scalar field of the HMTZ solutions is, in fact, a special
case of our Ansatz (52).
The scalar field of the HMTZ black holes [8] is given
by
φ(r) = 4 Arctanh
√
B
B + 12 (r +
√
4Br + r2)
, (78)
(the additional factor 4 comes out because our La-
grangian is written in a different form) which looks quite
different from our Ansatz (52). Define x = r4B and
q = 4B, then use the following equation
Arctanh
1√
1 + x
= 2 Arctanh
1√
1 + 2x(1 +
√
1 + 1/x)
,
(79)
we find scalar field (78) reduces directly to
φ(r) = 2 Arctanh
1√
1 + r/q
. (80)
This scalar field is just our Ansatz (52) with µ = 12 ,
which satisfies (63) and thus, would admit black hole
solutions. Furthermore, we redefine α = 12g
2(1 + ν), and
the scalar potential (60) reduces to
V = −2g2(cosh6[φ
4
] + ν sinh6[
φ
4
]) , (81)
which is exactly the scalar potential that gives the HMTZ
black hole solutions. So the HMTZ black holes are just
some special cases of the larger class of exact solutions
we constructed with our strategy in this subsection.
83. Solitons and black holes with scalar field
described by Arcsin functions
In this subsection we try to find exact soliton solutions
with a scalar field Ansatz given by
φ(r) = 4µ ArcSin
√
1
1 + r/q
, (82)
where q and µ are non-negative constants. These scalar
fields are regular everywhere and their asymptotic behav-
ior
φ(r) = 4µ(
q
r
)
1
2 − 4µ
3
(
q
r
)
3
2 + · · · , (83)
satisfies (17) and gives
p1 =
1
2
, p2 =
3
2
, σ = 1 , (84)
φ1 = 4µ q
1
2 , φ2 = −4µ
3
q
3
2 . (85)
which means
Q = 4µ q
1
2 , Φ =
8piµ
3`2
q
3
2 . (86)
Since this Ansatz is a multiple valued function, we con-
fine 0 < φ(r)4µ ≤ pi2 .
For a general µ, the analytic solution for f(r) is a little
complex, so we get involved with exponential integral
functions. Here we set µ = 1, and the resulting solutions
are much simpler. Substitute our Ansatz (82) into the
EOMs, and we get
h(r) = (g2 − α)r2 + αe− 2qr+q (r + q)2 , (87a)
f(r) = e
4q
r+q (g2 − α)r2 + αe 2qr+q (r + q)2 , (87b)
where g2 and α are constants. The corresponding scalar
potential V (φ) is given by
V (φ) =
1
4
e4 sin
2 φ
4 (α− g2)(7 + cosφ)− 2αe2 sin2 φ4 sec2 φ
4
. (88)
Again, as expected, Eq. (10) is satisfied.
The Taylor expansion of V (φ) is given by
V (φ) = −2g2 − 3g
2φ2
8
− g
2φ4
32
+ · · · , (89)
from which we can read m2 = − 34g2, which is above the
BF bound [3] and gives p1 =
1
2 , p2 =
3
2 , as expected.
Both the scalar field and metric functions are finite on
the origin,
φ(0) = 2pi , h(0) = αq2e−2 , f(0) = αq2e2 ,
(90)
(see Fig1). This indicates that when the solutions have
a horizon, they are scalar hairy black holes, while when
FIG. 1: Setting g2 = q = 1 and with α = 1/e2, 1 and −1
respectively, from top to bottom this figure shows the scalar
field and metric functions of a soliton, conical defect and black
hole.
the solutions have no horizon, they are ether scalar hairy
conical defects or solitons. We find when α < 0, (87)
describes black hole solutions, while when α > 0, we need
to analyze the near-origin behavior of the metric to see
whether it is a true soliton or a bare conical singularity.
With r → 0, the metric goes to
ds2 = −αq
2
e2
dt2 +
dr2
αe2q2
+ r2dθ2 . (91)
We can see that this spacetime will have conical defect at
the origin and thus, lead to a conical singularity unless
the condition
q =
1√
αe
, (92)
is satisfied, which would lead to a true soliton solution
with no singularity. This is a reminiscent of the nonro-
tating BTZ solutions with negative mass, they are also
conical singularities except the AdS3 vacuum.
9FIG. 2: Setting g2 = q = 1, the upper figure shows the scalar
potential of a soliton and a conical defect with α = 50, while
the lower figure shows the scalar potential of tow black holes
with α = −1,−50.
The scalar potential for black holes, conical singular-
ities, and solitons is shown in Fig. 2. For black holes
when r → 0 (or φ → 2pi), the scalar potential goes to
positive infinity, while for solitons and conical defects,
when r → 0 the scalar potential goes to negative infinity.
The asymptotic behavior of our metric functions is
h(r) = g2r2 + αq2 − 4αq
3
3r
+ · · · , (93)
f(r) = g2r2 + 4g2qr + (α+ 4g2)q2 + · · · , (94)
from which we can read κ = αq2, so we get
M = 2pi
(
4
3`2
− α
)
q2 . (95)
When q → 0, our solutions reduce to the nonrotating
massless BTZ solution.
Assume α < 0 and there is a horizon r0 = kq, with k
satisfying
(1− α
g2
)k2 +
α
g2
e−
2
1+k (1 + k)2 = 0 . (96)
This equation has one and only one positive solution for
k when α < 0 and indicates k is a function of α/g2. For
example when α/g2 = −1, we can numerically calculate
out k ≈ 0.615, which indicates r0 ≈ 0.615 q. Taking the
small |α| limit, we have
α→ 0− ⇒ k → 0, (97)
while taking the large |α| limit, we have
α→ −∞ ⇒ k →
√
|α| . (98)
The Hawking temperature T and entropy S are given by
T = − αq
2kpi
, S =
pikq
2G
= 8pi2kq . (99)
It can be easily checked that the thermodynamic first law
(32) is satisfied.
We can also study the thermodynamics of conical de-
fects by Wald’s formula. We substitute our scalar field
and metric functions into (21) and get
δH0+ =− 2pi
√
h(0)
f(0)
δf(0) = −4piαq δq = Φ′SδQS
(100a)
δHr∞ =δM +
16pi
3`2
qδq = δM + ΦSδQS (100b)
where M is given by (95). Since there is no horizon, there
is no entropy, so we interpret the integration (100a) as
another scalar charge term Φ′SδQS rather than a TδS
term. The first law given by Wald’s formula now becomes
δM = (ΦS + Φ
′
S)δQS = 4pi(
4
3`2
− α)qδq . (101)
It may be inappropriate to call this equation a ther-
modynamic first law, since this is not a thermodynamic
system. It describes how the energy of the conical singu-
larity changes with its scalar hair.
D. Higer dimensions
In higher dimensions the scale invariance of (5) (7) is
broken; however, our strategy is still useful for soliton
solutions, We can use the symmetry of the EOMs to de-
termine the large φ1 behavior of the boundary conditions
φ2(φ1). In this situation, we can rescale the EOMs with a
big c, which can make 6−2dc2 almost vanish, so the rescaled
EOMs have approximate scale invariance. This deter-
mines the boundary conditions should look like (17) when
φ1 goes to infinity. Some people have already used this
method to study the large φ1 behavior of the boundary
condition to study the stability of designer gravity [42].
10
φ′2
2
− 3(d− 2)h
′2
4h2
+
(d− 2)h′′
2h
= 0 , (102)
(d− 3)
r2
− (d− 3)
r2 f
− (d− 4)f
′
2r f
+
(d− 2)h′
2r h
− (d− 2)f
′ h′
4f h
− f
′′
2f
= 0 , (103)
(d− 3)(1− f)
r2 h
− d f
′
2rh
− 3(d− 2)f h
′
2r h2
− (d+ 2)f
′ h′
4h2
− (d− 4)f h
′2
2h3
− f
′′
2h
− f h
′′
h2
=
2
d− 2V (φ) . (104)
III. CONSTRUCTING EXACT SOLUTIONS
WITH SPHERICAL METRICS WITH A
CONFORMAL FACTOR
A. The strategy
In this section we apply our strategy to a spherical
metric with a conformal factor
ds2 = h(r)
(
−f(r)dt2 + 1
f(r)
dr2 + r2 dΩ2d−2
)
. (105)
This metric looks very like the metric presented in [9, 10];
however, the topology in [9, 10] is R2 × Σ, where Σ is a
two-dimensional manifold of negative constant curvature,
while the topology of (105) is R2 × Sd−2. The Einstein
EOMs in d dimensions (where d ≥ 3) are (102) (104).
The scalar field equation of motion (4) can now be ex-
pressed as
(d− 2)f φ′
r h
+
(d− 2)f h′ φ′
2h2
+
f ′ φ′
h
+
f φ′′
h
=
∂V (φ)
∂φ
(106)
and one can also check that, for our solutions in this
section, Eq. (106) would also be automatically satisfied
once the EOMs (102)-(104) are satisfied.
Like the EOMs (5)-(6) in the previous section,
(102) (104) also have a scale invariance under a rescaling
operation
r = cρ , φ(r) = φ˜(ρ) ,
h(r) = h˜(ρ) , f(r) = f˜(ρ) ,
V (φ) =
V˜ (φ˜)
c2
. (107)
This means that the function of our scalar field solution
should be preserved under such a rescaling operation.
The difference is that, here the scale invariance of the
EOMs is preserved in general dimensions (d ≥ 3), thus
our strategy should work for metric (105) in general di-
mensions. It should be promising to find d ≥ 3 exact
solutions with a given scalar field Ansatz that is an ana-
lytical function of φ1rp1 . In the rest of this section we will
construct some new solutions with our strategy.
B. The thermodynamics
Before we list our new solutions, we would like to dis-
cuss their thermodynamics in general. We substitute our
metric (105) into (18) and get
δHr = −h
d
2−3rd−3ωd−2
2
[
2rfh2φ′δφ+ (d− 2)×(
(2h+ rh′)hδf − r(f ′h+ 3fh′)δh+ 2rfhδh′)] (108)
Consider a black hole with an event horizon r0 which
satisfies f(r0) = 0, the integral on the horizon becomes
δHr0 = −
(d− 2)h d2−2rd−3ωd−2
2
×
(2hδf + rh′δf − rf ′δh)
∣∣∣
r=r0
. (109)
Using
δf
∣∣
r=r0
= −f ′(r0)δr0 (110)
δh
∣∣
r=r0
= δh(r0)− h′(r0)δr0 , (111)
we get
δHr0 =
h
d
2−3(r0)rd−30 ωd−2
2
×[
2h2(r0)f
′(r0)δr0 + r0f ′(r0)h(r0)δh(r0)
]
.(112)
The Hawking temperature and entropy can be derived
from (105), which are
T =
f ′
4pi
∣∣
r=r0
, (113)
S =
ωd−2rd−2h(d−2)/2
4G
∣∣
r=r0
, (114)
where G = 116pi . As expected we again get
δHr0 = TδS . (115)
Then we consider the integral on the boundary δH∞
in Wald’s formula. The large r expansion of the scalar
fields in this section are all given by
φ(r) =
φ1
r
+
φ2
r2
+
φ3
r3
+ · · · , (116)
which satisfies (17). If we confine
h(∞)→ 1 , (117)
as we will do in the next two subsections, and substitute
the large r expansion of φ(r) into the EOMs (102) and
11
(103), we find that when d = 3 the asymptotic behaviors
of the metric functions are given by
h(r) = 1− φ
2
1
6r2
− φ1φ2
3r3
+ · · · , (118)
f(r) = g2r2 + κ+
κφ21
24r2
+
κφ1φ2
15r3
+ · · · . (119)
Hence we get
δH∞ = −ω1δκ = δM , (120)
and Wald’s formula (20) gives the black hole first law
δM = TδS . (121)
It is interesting that there is no contribution from the
scalar charge. This is because the scalar field (116) have
σ = 0 after we transform our metric (105) into the form
(8) with a coordinate transformation on the boundary,
which means the conjugate scalar potential (34) vanishes.
When d = 4, the asymptotic behaviors of the metric
functions are given by
h(r) = 1− φ
2
1
12r2
− φ1φ2
6r3
+ · · · , (122)
f(r) = g2r2 + 1 +
κ
r
+
φ21
12r2
+
(κφ21 + 2φ1φ2)
20r3
+ · · · .
(123)
From (108) we get
δH∞ = −ω2(2δκ− 2
3
g2φ2δφ1 +
1
3
g2φ1δφ2)
= δ
[
−ω2(2κ+ g
2
3
φ1φ2)
]
+ g2ω2φ2δφ1
= δM − ΦSδQS (124)
where we have used the definition of mass and scalar
charge proposed in [6] again
M = −ω2(2κ+ g
2
3
φ1φ2) , (125)
ΦS = −g2ω2φ2 , (126)
QS = φ1 . (127)
So Wald’s formula (20) gives the black hole first law
δM = TδS + ΦSδQS (128)
In the last subsection we confine
h(r) ∝ 1
r2
(129)
when r → ∞, the solutions will go to R1,1 × Sd−2 on
the boundary instead of AdS (or dS) vacuum. We will
discuss the thermodynamic of these solutions explicitly
in that subsection.
Remember that the above thermodynamic analyses
(120) and (124) are based on a given scalar Ansatz which
satisfies (116); however, it will not be more difficult to
generalize our thermodynamic analyses to other scalar
fields.
C. 3-d solutions
The first scalar Ansatz we try is
φ(r) =
√
2(µ2 − 1)Arctanh 1
1 + r/q
(130)
where µ ≥ 1. The asymptotic behavior of φ(r) is given
by
φ(r) =
√
2(µ2 − 1)q
r
−
√
2(µ2 − 1)q2
r2
+ · · · , (131)
which satisfies (17). It is difficult to get exact solutions
for a general µ, so we only give three examples with µ =
2 , 3 , 4.
When µ=2, the metric functions and corresponding
scalar potential V (φ) are given by
f(r) =
(g2 − α)r5/2 − α√r + 2q(q2 + qr − r2)√
r
(132)
h(r) =
r(r + 2q)
(q + r)2
(133)
V (φ) =
e−
√
6φ
16
[
g2 − α
(
1 + 8e3
√
3
2φ + 24e
5φ√
6
)
+(
18e2
√
2
3φ + 15e4
√
2
3φ
)
(α− g2)] . (134)
There are black holes in the space of solutions, for ex-
ample, the solution with α = g2 is quite simple and has
an event horizon at r0 =
1
2 (q+
√
5q). When g2 is positive
(negative or zero), the black hole is asymptotic AdS (dS
or flat). After some calculations we find Wald’s formula
(20) gives
δH∞ = δHr0 = 5ω1 g2q δq , (135)
which indicates δM = TδS.
For the next two cases, we will only list the general
solutions. Anyone interested in the black holes can search
the parameter space of the solutions.
When µ=3, the metric functions and corresponding
scalar potential V (φ) are given by
f(r) =g2r2 +
αq(4q2 + 6qr + 3r2)
3r
+
αr2
2
log
r
2q + r
(136)
h(r) =
9r2(2q + r)2
(4q2 + 6qr + 3r2)2
(137)
V (φ) =
e−2φ
18
[
α+ e3φ(α(3φ− 5)− 12g2)
+ 2e
3φ
2 (α(3φ+ 2)− 12g2)] (138)
When µ=4, the metric functions and corresponding
12
scalar potential V (φ) are given by
f(r) = r2(α+ g2)− α
(
2q4 + 4q3r + 3q2r2 + qr3 + r4
)√
r3(2q + r)
(139)
h(r) =
64q2r3(2q + r)3
(r4 − (2q + r)4)2 (140)
V (φ) =
e−3ϕ
32
[
40α+ 24αe8ϕ − eϕ(α+ g2)×
(45 + 19 cosh[8ϕ] + 16 sinh[8ϕ])
]
(141)
where we have defined ϕ = φ√
30
.
D. 4-d solutions
The scalar field Ansatz we choose is
φ(r) =
√
3 log(1 +
q
r
) , (142)
whose large r expansion satisfies (17) too. The metric
functions and corresponding scalar potential V (φ) are
given by
f(r) =
(
4
(
g2r4 + r2
)
+ q2 + 4qr
)
4r2
+
√
3
2
αr2 log
(
r
q + r
)
−
√
3αq(q + 2r)
(
q2 + 2qr − 2r2)
8r2
(143)
h(r) =
4r(q + r)
(q + 2r)2
(144)
V (φ) =(3αφ− 6g2) cosh[ φ√
3
]
−
√
3α
4
(
9 sinh[
φ√
3
] + sinh[
√
3φ]
)
. (145)
When α = 0 and g2 < 0, the solution is an asymptotic
de Sitter black hole, with an event horizon
r0 =
1 +
√
1 + 2|g|q
2|g| . (146)
We can also check that the Wald’s formula is satisfied by
calculating out the integrals δH∞ and δHr0 , which are
δH∞ = δHr0 = −2ω2δq (147)
Another Ansatz we consider in four-dimensional
spacetime is
φ(r) =
√
15 log(1 +
2q
r
) . (148)
The metric functions and corresponding scalar potential
V (φ) are given by
f(r) =g2r2 +
(q + r)2
(
2q2 + 2qr + r2
)2
r4(2q + r)2
+
16q3(α− g2)(q + r)3 (q2 + qr + r2)
r4(2q + r)2
(149)
h(r) =
64q2r3(2q + r)3
(r4 − (2q + r)4)2 (150)
V (φ) =6α sinh5[
φ√
15
]− 6g2 cosh5[ φ√
15
] (151)
When α = 0 and g2 < 0, the solution is also an asymp-
totic de Sitter black hole with an event horizon
r0 =
√
1 + 4|g|2q2 +
√
1 + 4|g|q
(√
4|g|2q2 + 1 + |g|q
)
2|g| .
(152)
We can also check that Wald’s formula is satisfied
δH∞ = δHr0 = −4ω2
(
24|g|2q2 + 1) δq . (153)
E. Solutions in general dimensions
We also find some solutions in general d dimensions.
Consider a simple scalar field,
φ(r) =
√
2(d− 2)q
r
, (154)
and the metric functions and scalar potential V (φ) are
given by
f(r) =µr2e
(d−2)q
r +
2(d− 3)r
(d− 2)q −
r2 (d (α+ 2)− 2 (α+ 3))
(
e
(d−2)q
r − 1
)
(d− 2)2q2 (155)
h(r) =
βe−
2q
r
r2
(156)
V (φ) =
e
√
2φ√
d−2
β
[
2α− d
(
α+
√
2
√
d− 2φ+ 5
)
+ d2 + 3
√
2
√
d− 2φ+ 6] (157)
with µ, α, β, q as arbitrary constants. We can see that
these solutions have two independent physical integra-
tion constants q and µ, which do not appear in the La-
grangian.
When r →∞, the metric goes asymptotically to
ds2 = β
(
−µdt2 + dr
2
µr4
+ dΩ2d−2
)
, (158)
Making a coordinate transformation r = 1ρ , the asymp-
totic metric becomes
ds2 = β
(
−µdt2 + dρ
2
µ
+ dΩ2d−2
)
(159)
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which is just a R1,1 × Sd−2 when β > 0.
To study the thermodynamics, we calculate out δHr
δHr =− (d− 2)β
d−2
2 (qδµ+ 2µδq) (160)
which is independent of r.
δH∞ =δ[−(d− 2)β
d−2
2 qµ]− (d− 2)β d−22 µδq
=δM − ΦSδQS (161)
where, according to [6], we have defined
M =− (d− 2)β d−22 qµ , ΦS =
√
d− 2
2
β
d−2
2 µ ,
QS =
√
2(d− 2)q .
(162)
So for black holes, Wald’s formula gives
δM = TδS + ΦSδQS . (163)
In three dimensions, equation f(r0) = 0 has an ana-
lytical solution, which is given by
r0 = − q
log
(
1− µq2α
) . (164)
As expected, we find
δHr0 = TδS = −β
1
2 (qδµ+ 2µδq) = δH∞ . (165)
In higher dimensions, it is hard to solve f(r0) = 0 an-
alytically, so we need to consider more specific solutions.
For example, if we set β = µ = α = 1, d = 4, and q = −1,
the solution have a horizon at r0 = 1.
IV. CONCLUSION AND FUTURE PROSPECTS
Our strategy should also be useful for metrics with
other topologies (for example the planar metric) and
Einstein-scalar gravities with other kinds of couplings
(for example the nonminimal coupling) if the EOMs have
a scale invariance. For example, in [20] we used a metric
Ansatz inspired by the construction of black p-branes,
ds2 = −f(r)
h(r)
dt2 + h(r)
1
d−3
(
dr2
f(r)
+ r2dΩ2d−2
)
(166)
where again, d represents the spacetime dimension, and
dΩ2d−2 is the metric of unit d−2 sphere. In general d ≥ 4
dimensions , the EOMs also have a scale invariance under
the following rescaling operation
r = cρ , φ(r) = φ˜(ρ) ,
h(r) = h˜(ρ) , f(r)− 1 = c2(f˜(ρ)− 1) ,
V (φ) = V˜ (φ˜) (167)
The solutions given in [20] also satisfy (17) and have
only one physical integration constant, which describes
the scalar hair, and some of the the corresponding scalar
potential can be expressed in terms of a superpotential.
It would be interesting to find out whether the scalar
potentials we found in this paper have supersymmetry.
The main purpose of this paper is to give an efficient
strategy to find out what kind of metric Ansatzes may
admit simple solutions, how to construct the exact solu-
tions, and what are the most general theories which ad-
mit the scalar field Ansatz as a solution. We use the sym-
metry of the EOMs to choose the right promising Ansatz
for φ(r) and then derive the other metric functions and
scalar potential. Our strategy is useless if we start from
a specific theory, however, if this specific theory does ad-
mit simple exact solutions, it should be promising to find
them out by searching the scalar fields with our strategy.
For example, we reproduced the HMTZ black holes in
Sec. II. So far, all the known scalar hairy exact solutions
have a scalar field that satisfies (17), which means they
can be reproduced and some of them can be generalized
to a larger class by our strategy.
However when we make the scalar field Ansatz satisfy
(17), we drop the other integration constant, for exam-
ple r0, so very likely there is only one physical integra-
tion constant in our solutions, which describes the scalar
hair, and a boundary condition φ2(φ1) is automatically
given. When we turn off this integration constant, we
just get the massless, rather than the massive, static BTZ
solutions. To get static asymptotic AdS solutions with
two integration constants, the most direct way is to start
from a more general scalar field Ansatz whose asymp-
totic behavior satisfies (15). However this would very
likely produce difficulties for finding analytic solutions,
as the scalar field Ansatz gets more complicated. We
still need some luck to get such exact solutions.
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